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Abstract
We describe some relations on the coefficients of a polynomial in terms of the map that induces and
use them to characterize the coefficients of the inverse polynomials of some special classes of permutation
polynomials.
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Let p be a prime, let n be a positive integer, let q = pn and let Fq denote the Galois field of
order q . Let s0, s1, s2, . . . , sq−1 be elements of Fq . It is known (see [1, Lemma 7.3]) that s0, s1,
s2, . . . , sq−1 are all distinct if and only if
q−1∑
i=0
sti =
{
0 if t ≡ 0 (mod q − 1),
−1 if t ≡ 0 (mod q − 1). (1)
Let f (X) = a0 + a1X + · · · + aq−1Xq−1 ∈ Fq [X], then for all j = 0,1, . . . , q − 1, we have
the relation
aj = −
∑
s∈Fq
sq−1−j f (s). (2)
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∑
s∈Fq
sq−1−j f (s) =
∑
s∈Fq
sq−1−j
q−1∑
i=0
ais
i =
q−1∑
i=0
ai
∑
s∈Fq
sq−1+i−j = −aj .
A problem posed by G.L. Mullen (see [2, Problem 10]) is to compute the coefficients of
the inverse polynomial of a permutation polynomials efficiently. We assume that f ∈ Fq [X] is
a permutation polynomial and that f −1(X) = b0 + b1X + · · · + bq−2Xq−2 denotes its inverse
modulo Xq − X. Then, for all j = 0,1, . . . , q − 1, the coefficient bj equals the coefficient of
Xq−2 of the polynomial f (X)q−1−j (mod Xq − X). Indeed from (2) we have the identity:
bj = −
∑
s∈Fq
f −1
(
f (s)
)
f (s)q−1−j = −
∑
s∈Fq
sf (s)q−1−j ;
if we set f (x)q−1−j (mod Xq − X) = c0 + c1X + · · · + cq−1xq−1, applying (1) we deduce that
bj = −
∑
s∈Fq
sf (s)q−1−j = −
∑
s∈Fq
s
q−1∑
i=0
cis
i = −
q−1∑
i=0
ci
∑
s∈Fq
si+1 = cq−2. (3)
An immediate consequence is that if n = deg(f ), then deg(f −1)  q − 1 − q−2
n
as clearly,
degf q−1−j < q−2 for all j > q−1− q−2
n
. As a consequence, the inverse of a linear polynomial
is a linear polynomial. Also, deg(f ) = q − 2 if and only if deg(f −1) = q − 2 and in that case
bq−2 = aq−2.
A second consequence is that, if we apply the multinomial theorem to f (X)q−1−j in (2), we
obtain the formula:
bj =
∑ (q − 1 − j)!
t0!t1! · · · tq−2!a
t0
0 · at11 · · ·a
tq−2
q−2,
where sum runs over all positive integers t0, . . . , tq−2 such that t0 + t1 + · · · + tq−2 = q − 1 − j
and t1 + 2t2 + · · · + (q − 2)tq−2 ≡ q − 2 (mod q − 1). This formula is of interest in the cases
where only a few of the coefficients of f are nonzero.
Next we specialize to the class of permutation polynomials considered in Theorem 7.10 of [1].
That is the permutation polynomials of the form
f (X) = Xrg(Xs) q−1s ∈ Fq [X], (4)
where r  1 is an integer with gcd(r, q − 1) = 1, s is a divisor of q − 1 and g(X) ∈ Fq [X] is a
polynomial without nonzero roots in Fq . We have the following:
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and denote by f −1(X) = b0 + b1X + · · · + bq−2Xq−2 its inverse modulo Xq − X. Let k0 be the
least positive integer for which there exists a positive integer l0 such that l0s = k0r + 1 and set
g
(
Xs
) q−1
s
k0 (mod Xq − X)=
(q−1)/s∑
i=0
ciX
is .
Then bj = 0 only if s | jr − 1 and if bj = 0, the following holds:
(i) If jr ≡ 1 (mod q − 1) and i ≡ jr−1
s
(mod q−1
s
) then bj = ci .
(ii) If jr ≡ 1 (mod q − 1) then bj = c0 + c(q−1)/s .
Proof. Let us fix j with 0  j  q − 2. The coefficient bj equals the coefficient of Xq−2 in
f (X)q−j−1 as shown in (3). In view of (4) the terms of the polynomial f (X)q−j−1 have of
degrees of the form ms + (q − 1 − j)r where m is a nonnegative integer. Therefore we have the
equation ms + (q − 1 − j)r = (q − 2) + u(q − 1). Then ms + 1 − jr = (u + 1 − r)(q − 1). As
s | (q − 1), it follows that s | jr − 1 and this is the first part of the statement.
As for the proof of (i) and (ii), note that since s | (q − 1 − j)r + 1 we can write ls = (q − 1 −
j)r + 1, for some l. As gcd(r, s) = 1 and the pair (l, q − 1 − j) is a solution of the Diophantine
equation: sX− rY = 1. Hence we have relations of the form q −1−j = k0 +ws and l = l0 +wr
for some integer w. Since g(Xs)q−1 (mod Xq − X) = 1, we deduce that
f (X)q−1−j
(
mod Xq − X)= X(q−1−j)rg(Xs) q−1s k0 (mod Xq − X).
Thus bj is the sum of those coefficients cv of Xvs in the polynomial g(Xs)
q−1
s
k0 (mod Xn − X)
with the property that vs + r(q − 1 − j) ≡ (q − 2) (mod q − 1). This implies (v + rw)s + rk0 ≡
−1 (mod q − 1). Since w, r, k0 and s are fixed there is a unique value of v (0  v  q−1s ),
satisfying the above, except in the case r(q −1−j) ≡ q −2 (mod q −1) i.e. jr ≡ 1 (mod q −1),
when both v = 0 and v = q−1
s
satisfy the congruence relation. 
Example 1. Let q = 13, g(X) = X2 + 2 ∈ F13, s = 3, r = 1 and k0 = 2. Then
f (X) = Xrg(Xs) q−1s (mod Xq − X)= X7 + 2X,
f −1(X) = 4X7 + 5X and g(Xs) q−1s k0 (mod Xq − X)= 9X12 + 4X6 + 9.
So that c0 = 9, c1 = 0, c2 = 4, c3 = 0 and c4 = 9. Finally b0 = b2 = b3 = b5 = b6 = b8 = b9 =
b11 = b12 = 0 while b1 = c0 + c4 = 5, b4 = c1 = 0, b7 = c2 = 4 and b10 = c3 = 0.
Example 2. Let q = 31, g(X) = X3 + X + 3 ∈ F31, s = 5, r = 7 and k0 = 2. Then
f (X) = Xrg(Xs) q−1s (mod Xq − X)= 26X27 + 8X22 + 3X12 + 6X7 + 20X2,
f −1(X) = 20X28 + 13X23 + 18X18 + 3X13 + 24X8 + 16X3
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g(Xs)
q−1
s
k0
(
mod Xq − X)= 26X30 + 24X25 + 16X20 + 20X15 + 13X10 + 18X5 + 8.
So that
ν 0 1 2 3 4 5 6
cν 8 18 13 20 16 24 26
while b3 = c4 = 16, b8 = c5 = 24, b13 = c0 + c6 = 3, b18 = c1 = 18, b23 = c2 = 13 and b28 =
c3 = 20.
Acknowledgment
The author is grateful to the referee for several useful comments which improved the exposi-
tion of results.
References
[1] R. Lidl, G. Niderraı˘ter, Конечные поля. Том 2 (Finite fields, vol. 2), Mir, Moscow, 1988, pp. 433–822
(in Russian). Translated from the English by A.E. Zhukov and V.I. Petrov. Translation edited by V.I. Nechaev.
[2] G.L. Mullen, Permutation polynomials over finite fields, in: Finite Fields, Coding Theory, and Advances in Commu-
nication and Computing, Las Vegas, NY, 1991, pp. 131–151.
